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FIG. 11: Comparison of the matter power spectrum in models with Gaussian and non-Gaussian initial density fluctuations at
redshifts z = 1.0 (left sub-fig.) and z = 0.0 (right sub-fig.). Top panels: Absolute power. Points with error bars show results for
the simulations and the colors green, red and blue denote the models fNL = {0,+100,−100}. The lines represent halo model
predictions: dash lines denote P1H; dot-dash lines denote P2H; dotted lines denote PExc

2H ; the solid line represents the total halo
model prediction including subtraction of the halo exclusion term. Bottom panels: ratio of the matter power spectra in the
fNL = +100 and −100 models with respect to the Gaussian (fNL = 0) results. Points and line styles are as above.

lation code DualTreeTwoPoint, which is based upon the
kD-tree data structure, and the code is parallelized using
MPI calls. Thus on averaging over the 12 simulations we
expect results that are accurate to 5%/

√
12− 1 ! 2%.

Figure 12 presents the ensemble average estimate of
the matter correlation function in the Gaussian models
over three decades in spatial scale at redshifts z = 1.0 and
z = 0.0, left and right panels respectively. The figure also
shows the halo model predictions appear in remarkably
good agreement with the simulation data. The exact
deviations are hard to quantify on the log-scale and so we
take the ratio of the theory and simulation measurements
with respect to the halofit model correlation function.

We now see that the halo model predictions are better
than 10% over the entire range of scales and redshifts con-
sidered. The predictions are somewhat worse at the 2–
to 1–Halo cross-over scale (i.e. r ∈ [2, 10]h−1Mpc), also
on the very largest of scales around the BAO feature and
on the smallest scales r ! 0.2 h−1Mpc. We emphasize
that none of the halo model parameters were tuned to fit
the clustering statistics directly.

In the figure we also show the result for the halo model
calculation if no exclusion correction is made, and we
see that predictions significantly overshoot the measure-
ments by factors of a few on small scales, especially at
low redshift. The figure also shows that the exclusion cor-
rection essentially kills the contribution from the 2-Halo
term to the correlation function on small scales. Further-
more this correction also kills some of the contribution
of the 1-Halo term to the correlation function on scales
larger than r ∼ 2 h−1Mpc.

E. Matter correlation function: PNG case

In Figure 13 we present the ensemble average estimate
of the matter correlation function in the models evolv-
ing from PNG initial conditions at redshifts z = 1.0 and
z = 0.0, left and right panels respectively. As for the
correlation function in the Gaussian case the halo model
predictions with exclusion provide a remarkably good de-
scription of the clustering. The differences are not clearly
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The matter bispectrum and PNG: large scales 
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Plot of the reduced bispectrum Q(k1, k2, k3)
with fixed k1 and k2 as a function of the 
angle between the two wavenumbers

The matter bispectrum and PNG: large scales
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The matter bispectrum and PNG: large scales 
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The matter bispectrum and PNG: small scales 
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B(k1, k2, θ) vs. θ with k1 � 0.1 h Mpc−1 and k2 = 1.5k1, Gaussian initial conditions (fNL = 0):
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B(k1, k2, θ) vs. θ with k1 � 0.1 h Mpc−1 and k2 = 1.5k1, non-Gaussian initial conditions (fNL = 100):
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FIG. 6: Same as Fig. 3 but for generic configurations B(k1, k2, θ) with k1 = 0.094 h Mpc−1 and k2 = 1.5k1 as a function of
the angle θ between k1 and k2. Notice that the first row now shows the reduced bispectrum Q(k1, k2, k3), eq. (34), rather than
B(k1, k2, k3).
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B(k1, k2, θ) vs. θ with k1 � 0.1 h Mpc−1 and k2 = 1.5k1, Gaussian initial conditions (fNL = 0):
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B(k1, k2, θ) vs. θ with k1 � 0.1 h Mpc−1 and k2 = 1.5k1, non-Gaussian initial conditions (fNL = 100):
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FIG. 6: Same as Fig. 3 but for generic configurations B(k1, k2, θ) with k1 = 0.094 h Mpc−1 and k2 = 1.5k1 as a function of
the angle θ between k1 and k2. Notice that the first row now shows the reduced bispectrum Q(k1, k2, k3), eq. (34), rather than
B(k1, k2, k3).

ES (2009)
ES, Crocce & Desjacques (2010) 

Generic configurations B(k1, k2, θ) 
as a function of θ 
with k1 = 0.1 h/Mpc, k2 =1.5 k1
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The matter bispectrum and PNG: small scales 

Squeezed configurations B(Δk, k, k) 
as a function of k with Δk = 0.01 h/Mpc

ES (2009)
ES, Crocce & Desjacques (2010) 
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Squeezed configurations B(∆k, k, k) vs. k, Gaussian initial conditions (fNL = 0):
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Squeezed configurations B(∆k, k, k) vs. k, non-Gaussian initial conditions (fNL = 100):
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FIG. 5: Same as Fig. 3, but for squeezed configurations, B(∆k, k, k), with ∆k = 3kf � 0.012 h Mpc−1 as a function of k.
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Squeezed configurations B(∆k, k, k) vs. k, Gaussian initial conditions (fNL = 0):
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G [P0] +Bloop
NG [P0, B0]
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component

Gravity-induced 
contributions

Additional gravity-induced contributions 
present for NG initial conditions (B0)

ES (2009)
ES, Crocce & Desjacques (2010) 
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Effects of PNG on the galaxy power spectrum 

P!! and the halo-matter cross spectrum Ph! ¼ h!"
h!i. We

have used the cross spectrum rather than the halo auto
spectrum because the former should be less sensitive to
shot noise from the small number of halos compared to
dark matter particles. We have checked, however, that

using the halo auto spectra to compute bias gives consistent
results as the cross spectra; i.e. we find no evidence for
stochasticity. Examples of the various power spectra and
resulting bias factors are plotted in Fig. 7.
As can be seen, we numerically confirm the form of the

predicted scale dependence. Because we focus on the
statistics of rare objects, the errors on bias from individual
simulations plotted in Fig. 8 are large. We therefore at-
tempt to improve the statistics on the comparison by com-
bining the bias measurements from multiple simulations.
Figure 8 plots the average ratio between the bias measured
in our simulations and our analytic prediction, Eq. (9),
using !c ¼ 1:686 as predicted from the spherical collapse
model [78]. In computing the average plotted in this figure,
we used a uniform weighting across the different simula-
tions, redshifts, and mass bins. Alternative weightings can
shift the results by #10%, so we conservatively estimate
the systematic error in our comparison to be 20%. The
agreement between our numerical simulation results and
our predicted bias scale dependence, Eq. (9), is excellent
and perhaps surprising. Naively, we might expect a some-
what larger collapse threshold !c to apply, considering the
ellipsoidal rather than spherical nature of the collapse of
halos in this mass range [70].

VI. COSMOLOGICAL CONSEQUENCES

Having derived fitting formulas for the abundance and
clustering of halos in NG models, we now investigate how
well upcoming surveys may constrain fNL, and whether
NG could possibly affect the constraints derived on other
cosmological parameters. We focus on galaxy cluster sur-
veys and redshift surveys. Cluster surveys aim to constrain
cosmological parameters, in particular dark energy pa-
rameters, by exploiting the exponential sensitivity of the
galaxy cluster abundance on cosmology. Similarly, a major
goal for upcoming redshift surveys is to constrain dark
energy by localizing baryonic acoustic oscillation (BAO)
features in the galaxy power spectrum at multiple redshifts.
Examples of upcoming surveys include the Atacama
Cosmology Telescope,4 South Pole Telescope,5 Dark
Energy Survey,6 WiggleZ,7 Planck,8 SuperNova/
Acceleration Probe,9 and the Large Synoptic Survey
Telescope.10

Because primordial non-Gaussianity affects both the
abundance and power spectra of massive halos, both of
these types of surveys will be well suited for constraining
NG. On the other hand, potential NG could, in principle,

FIG. 8 (color online). Ratio of the bias shift !b measured
from our simulations to that predicted by Eq. (9), using !c ¼
1:686. Biases were computed from cross spectra measured on 28
simulations with 5 various fNL ð%500;%100; 100; 500Þ, 3
various redshifts (z ¼ 0, 0.5, 1), and 5 halo mass bins. Note
that at higher k, nonlinear evolution also generates scale
dependence in the bias [80].

FIG. 7 (color online). Cross-power spectra for various fNL.
The upper panel displays Ph!ðkÞ, measured in our simulations at
z ¼ 1 for halos of mass 1:6' 1013M( <M< 3:2' 1013M(.
The solid line corresponds to the theoretical prediction for P!!

with a fitted bias b0 ¼ 3:25. We see a strongly scale-dependent
correction to the bias for fNL ! 0, increasing towards small k
(large scales). The bottom panel displays the ratio
bðk; fNLÞ=bðk; fNL ¼ 0Þ. The errors are computed from the
scatter amongst our simulations and within the bins. Triangles
correspond to our large (10243 particle) simulations whereas
diamonds correspond to our smaller (5123 particle) simulations.
The dotted lines correspond to our expression for the bias
dependence on fNL defined in Eq. (9).

4http://wwwphy.princeton.edu/act/
5http://spt.uchicago.edu
6http://www.darkenergysurvey.org
7http://astronomy.swin.edu.au/wigglez/WiggleZ/

Welcome.html
8http://www.rssd.esa.int/Planck
9http://snap.lbl.gov

10http://www.lsst.org

IMPRINTS OF PRIMORDIAL NON-GAUSSIANITIES ON . . . PHYSICAL REVIEW D 77, 123514 (2008)

123514-9

Dalal et al. (2008):

δg(�k) = [b1 +∆b1(fNL, k)] δ�k + ...

Dalal et al. (2008)

“Gaussian” 
bias

Scale-dependent correction 
due to local non-Gaussianity

Pg(k) = [b1 +∆b1(fNL, k)]
2 P (k)

∆b1,NG(fNL, k) ∼
fNL

D(z) k2
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Effects of PNG on the galaxy bispectrum 
Clearly, the effect on galaxy bias affects as well the galaxy bispectrum 

Bg(k1, k2, k3) = b31 B(k1, k2, k3) + b21 b2 P (k1)P (k2) + 2 perm.+ ...
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b1,G +∆b1,NG(fNL, k) b2,G +∆b2,NG(fNL,�k1,�k2)
Scale-dependent 
bias corrections

Giannantonio & Porciani (2010)
Baldauf, Seljak & Senatore (2010)

∆b1,NG(fNL,�k) = ∆b1,si(fNL) +∆b1,sd(fNL, b1,G,�k)
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B = B0 +Btree
G [P0] +Bloop

G [P0] +Bloop
NG [P0, B0]

P = P0 + P loop
G [P0] + P loop

NG [P0, B0]

b1,G +∆b1,NG(fNL, k) b2,G +∆b2,NG(fNL,�k1,�k2)
Scale-dependent 
bias corrections

Primordial component 
(large scales)

Effect on nonlinear 
evolution (small scales)

Giannantonio & Porciani (2010)
Baldauf, Seljak & Senatore (2010)

∆b1,NG(fNL,�k) = ∆b1,si(fNL) +∆b1,sd(fNL, b1,G,�k)

∆b2,NG(fNL,�k1,�k2) = ∆b2,si(fNL) +∆b2,sd(fNL, b1,G, b2,G,�k1,�k2)

• We test this model in N-body simulations 
with local NG initial conditions

• We fit all triangular configurations 
up to k = 0.07 h/Mpc 
for b1,G, b2,G, Δb1,G and Δb2,G

�δδδh� = δD(�k123)Bmmh

�δhδhδh� = δD(�k123)Bh

Ph → b1,G, ∆b1,si

Bh,G → b2,G

∆Bh,NG → ∆ b2,si
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Power Spectrum vs. Bispectrum
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The matter bispectrum and PNG: large scales
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8

1. Equilateral configurations

In Fig. 7 we show the equilateral configurations of the matter bispectrum, B(k, k, k), measured in the simulations
for Gaussian initial conditions and the linear and 1-loop predictions in PT at redshift z = 0.
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FIG. 7: Equilateral configurations of the matter bispectrum with Gaussian initial conditions, B(k, k, k), simulations versus PT.
The bottom panels show the ratio to the no-wiggle, tree-level bispectrum.
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FIG. 8: Equilateral configurations. Ratio between the non-Gaussian to Gaussian matter bispectrum, B(fNL �= 0)/B(fNL = 0)
with fNL = 100 (top) and fNL = −100 (bottom). Dashed lines correspond to the tree-level PT prediction while continuous
lines correspond to the 1-loop PT case. Data points correspond to the mean of the ratios as measured in each realization.

The Matter Bispectrum induced by Gravity

Tree-level approximation
valid at large scales

Btree
G (k1, k2, k3) = 2F2(�k1,�k2)P0(k1)P0(k2) + 2 perm.

BG = Btree
G [P0] +Bloop

G [P0]

1-loop 
approximation

The equilateral configurations 
of the matter bispectrum:

B(k, k, k) vs. k

Numerical simulations and PT 
predictions

The bispectrum induced by gravity has a well defined 
dependence on scale and on the shape

E.S., M. Crocce, & V. Desjacques (2010)
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Non-Gaussianity from Gravitational Instability
At large scales fluctuations are small, σδ≪1, even at low redshift  
we can study their evolution in terms of Perturbation Theory
Equations of motion for 
matter density and velocity:

∂δ

∂τ
+∇ · [(1 + δ)�v] = 0

∂�v

∂τ
++H�v + (�v · �∇)�v = −�∇φ

∇2φ =
3

2
H

2Ωmδ

Perturbative solution for the 
matter density, in Fourier space δ�k = δ(1)�k

+ δ(2)�k
+ ...

• Continuity eq.

• Euler eq.

• Poisson eq.
δ, �v

δ(2)�k
=

�
d3q F2(�k − �q, �q) δ(1)�k−�q

δ(1)�qLinear solution
Quadratic nonlinear correction

Initial conditions �δ(1)�k1
δ(1)�k2

� = δD(�k1+�k2)P0(k1)

�δ(1)�k1
δ(1)�k2

δ(1)�k3
� = δD(�k1+�k2+�k3)B0(k1, k2, k3)

�δ(1)�k1
δ(1)�k2

δ(1)�k3
δ(1)�k4

� = δD(�k1+ ...+�k4)T0(�k1,�k2,�k3,�k4)

B0 and T0 vanish for 
Gaussian initial conditions!

Perturbative solution for the 
matter 3-point function

�δδδ� = �δ(1)δ(1)δ(1)�+ �δ(1)δ(1)δ(2)�+ ...

= B0 = 0 for Gaussian 
initial conditions

non-zero bispectrum 
induced by gravity!

loop corrections
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Non-Gaussianity from Galaxy Bias (more problems?)
Additional non-Gaussianity in the galaxy distribution 
is induced by nonlinear galaxy bias
The relation between the 
observed galaxy 
overdensity and the matter 
density is nonlinear

At large scales, we expand it in 
a Taylor series

Linear bias Quadratic bias correction

Perturbative solution for the 
galaxy 3-point function

matter bispectrum bispectrum induced 
by nonlinear bias

δg(x) ≡
ng(x)− n̄g

n̄g
= f [δ(x)]

δg(x) = b1 δ(x) +
1

2
b2 δ

2(x) + ...

�δgδgδg� = b31 �δδδ�+ b21 b2 �δδδ2�+ ...

Bg(k1, k2, k3) = b31 B(k1, k2, k3) + b21 b2 P (k1)P (k2) + 2 perm.+ ...

The component induced by bias has a different 
dependence on the shape of the triangle

local bias
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Effects of PNG on the galaxy bispectrum 
Clearly, the effect on galaxy bias affects as well the galaxy bispectrum 

Bg(k1, k2, k3) = b31 B(k1, k2, k3) + b21 b2 P (k1)P (k2) + 2 perm.+ ...

b1,G +∆b1,NG(fNL, k) b2,G +∆b2,NG(fNL,�k1,�k2)
Scale-dependent 
bias corrections

ES, Crocce & Desjacques (in preparation)0.2 0.4 0.6 0.8
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The matter bispectrum and PNG: small scales 
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